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In the design of optimal control processes the restrictions considered
are in most cases only those imposed on the control parameters. It is
only in a few studies, in the solution of particular problems, that
attempts have been made to consider restrictions on the coordinates. In
the general formulation, the problem of optimization when there are re-
strictions on the coordinates has been studied in [1] and {2].

In the present article we discuss the variational formulation of
problems in the optimization of control processes in systems whose co-
ordinates and parameters may be bounded. The article lists the funda-
mental [2] necessary conditions for a minimum of the appropriate func-
tionals making it possible to construct solutions of such problems.

1. Introduction. The general optimization problem for control
processes is usually formulated for systems described by the differential
equations [2]

*i:s:fs("vly'-ﬂyn’ul"--’HUH,/\ ":() (S ':1,...,11,\; (11)
which will be supplemented by the finite relationships [3,4]
P == W {Tyy o ooy Ty Uyy v v oy Uy £} == 0 (k=1...

L (1.2)

Here x (t) are the coordinates of the system and u,(t) are the con-
trol parameters. The derivatives of the latter do not enter into the
problen equations.

Optimization problems for systems with bounded control parameters in
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variational formulation have been studied in [3,4]. These articles de-
scribe methods for the transition to open regions of variation of the
control parameters and show that in optimal operation the control para-
meters u, may assume values corresponding to boundary points of the
closed region U* of admissible values. The necessity of considering
boundary values of the control parameters in these problems did not com-
plicate their solution very much, since the systems under investigation
are described by the same equations both inside and outside the boundary
of the region U*.

A similar result is obtained in optimization problems involving con-
trol processes in systems with bounded coordinates: the coordinates and
the control parameters of such systems, in optimal operation, may also
assume values corresponding to the boundaries of the closed regions X*
and U* of permissible variation of coordinates and control parameters. In
this case, however, the fact that it is possible for the coordinates to
go beyond the boundary may greatly complicate the problem of designing
optimal modes of operation. The reasons for this are the following:

The behavior of the integral curves of a system with bounded coordi-
nates and given control parameters is defined by Equations (1.1). It may
happen that these curves do not include any which lie, even in part, on
the boundary of the closed region of permissible variation of the co-
ordinates, since Equations (1.1) and the equation of this boundary may
not be valid simultaneously. Purthermore, Equations (1.1) may change
their form or their order when the representative point goes beyond the
boundary.

For this reason, before studying the construction of relationships de-
fining optimal modes of operation, we should pause to clarify the nature
of the restrictions on the coordinates with which we shall have to deal
in the solution of optimization problems.

For the sake of definiteness we assume that the region X* of per-
missible variation of the coordinates x, ..., L is defined by the in-
equality [1,2]

9@y, zn) <O (1.3)

It may happen that this inequality does not reflect the internal pro-
perties of this system, and its coordinates in arbitrary modes of motion
may go beyond the limits of the region X*. We may then say that the re-
quirement (1.3) is imposed externally on the system.

We may obtain an idea of these restrictions from a consideration of
the following example. Let an optimal process be constructed in a system
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without consideration of restrictions on the coordinates, and let the co-
ordinates in this process assume undesirable or prohibited values. Then
the optimization problem may be restated, and this new formulation must
be such as to reflect the fact that certain definite values of the co-
ordinates are prohibited. In some cases this will lead to inequality of
the form (1.3).

Restrictions on the coordinates imposed externally upon the system
will hereafter be called restrictions of the first type.

Restrictions of the second type upon the coordinates reflect the pre-
sence in the system of restrictive factors, such as stops, saturation
zones, etc. In this case, in any motion of the system its coordinates
cannot go beyond the limits of a closed region of permissible coordinate
variation.

We must deal with restrictions of the second type on the coordinates,
for example, when an indirect system for controlling an aircraft contains
stops on the control surfaces. Then the control surfaces cannot assume
positions outside the intervals defined by the stops.

Similar restrictions are found in a control system for the pressure in
the boiler when safety valves are used, and in many other cases.

It should be noted that restrictions of both types may be represented
by identical inequalities. This may lead to the erroneous conclusion that
the mathematical description of these restrictions in optimization prob-
lems will be identical. In actual fact, of course, this is not true.

For example, we may try using restrictions of the first type on the
control surface coordinates to take account of the presence of stops in
the control system for the motion of an aircraft. But such restrictions
will keep the coordinate values at the boundary independently of the
stops, and these stops may be removed. In such a formulation the control
surfaces do not exert any pressure on the stops. This pressure may be
taken into account by means of restrictions of the second type.

References [1,2] study in detail the coordinate limitations imposed
externally (first type), represented by the inequality (1.3). It is
established in these works that such a restriction may be realized if the
optimal trajectory is to consist of a finite number of segments located
within the region X* or on its boundary. It is shown that in order to
have a segment of the trajectory in the interval t, < t < t, lie on the
boundary it is necessary and sufficient to require that the equality

Glay (8)y .- T (t))} =0 (1.4)
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be satisfied at time t = t, and that the relations

(1.5)

n

09
Yri1 = Pry1 (X1, oy Ty Upyeony U, B) = Z oo fo@re ooy Tny Uys oy Uy ) =0
8

8=}

be satisfied over the entire interval t) < t<t,.

This function y_,, gives the projection of the phase velocity of the
system on the external normal to the boundary & = 0 of the region (1.3).
Since this projection is equal to zero and the phase velocity is tangent
to the boundary, the representative point will not exert a "pressure" on
the boundary.

The equality (1.5) imposes on the control parameters an additional
relation of the form (1.2). Therefore, the end t = t, of the interval
t, <t <t, coincides with the instant immediately to the right of which,
at t = t, + 0, there is no point at which Equation (1.5) can be satisfied.
The values of the coordinates x (t,) at the point ¢ = t, are related by
the equation

Vry1[Z1(E2)s - s Tn(ta), Uy (E2), . - o) Um (t2), 81 =0 (1.6)

If the representative point touches the boundary of the region X*,
which corresponds to a restriction of the second type, it will remain on
the boundary until its "pressure" on the boundary changes sign. There-
fore, in the case of restrictions of the second type, the representative
point will always move along the boundary so long as the normal component
of the phase velocity is non-negative:

Y1 (Tes oo oy Tnlyy oo oy Um, 2) >0 1.7

At the boundary points the equality ¥ = 0 is satisfied.

At time t = t, the phase velocity touches the boundary, so that at
t = t, Formula (1.6) is again valid, with y_, (¢, + 0) < 0.

Since in the case of restrictions of the second type the representa-
tive point may produce a pressure on the boundary of the region X*, the
motion of the system along this boundary can be described by equations
different from the equations of motion of the point within the region
X*. In the simplest problem of this type, which will be considered here-
after, these equations are constructed by means of the equations of
motion of the system within the region Y*. However, in the general case
this is not true and setting up the equations of mction of the system
for boundary points requires additional investigation in each concrete
case.
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We shall hereafter study systems with restrictions of the second type,
given by the inequalities

2y <O (1.8)

where it will be assumed that when the representative point passes from
the interior to the boundary, the motion of the system is described by
Equations (1.1), in which the equation numbered s’ is replaced by the
equality x_r = 0.

By this method we can investigate restrictions described by the in-
equalities

X 2o (1) < Xy ® (1.9)

2. Statement of the problem. In solving optimization problems
P g op p

for control processes with bounded coordinates we shall use the follow-

ing general variational formulation:

Among the coordinates x;, ..., z, which do not go beyond the limits
of some closed region X¥* of allowable values and the control functions
uy, ..., u,, satisfying in the interval t < t <T the system of equa-
tions

Ge=Xe— [o(Tyy v s TnyUpy ooy Um,t) =0 (s=1,...,n) 2.1)
and the finite relations

Y = P (Txy o o oy Ty Ups + + o U, 8) =0 (k=1,...,1) (2.2)
and related by the equations

(Pl = qu [1:1 (to)r LIRS ] x‘n(to)’ to: 231 (T)v oy xn(T)y T] = 0 (2.3)
(I=1,....,p<2n+4+1)

we must find those which will give the functional
J = g [xl (to), " .oy xn (to) to, xl(T), «eny Tn (T), T] +
T
+S Fo 1y -« os Ty Wy - « -y Uiy 2) E (2.4)

fs

a minimum value.

In this formulation no special emphasis was placed on the possibility
that the control u, may lie in a given closed region of permissible
variation. The reason for this is that the methods described in (3-7]
make it possible, by constructing auxiliary equalities of the form (2.2),
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to pass to an open region for the control parameters, Hereafter we shall
consider this passage to have been completed.

We may try by analogous methods to pass to an open region of coordi-
nate variation. However, such an approach will merely enable us to
establish that the system coordinates in optimal modes of operation may
assume values within and on the boundary of the region X*, and to obtain
equations which define segments of optimal trajectories located within
this region. The equations for segments lying on the boundary cannot be
constructed by this method. This is not surprising, since when the co-
ordinates of the system pass from the interior to the boundary, as has
already been shown, the eguations of motion of the system may change,
and this is not taken into account in such a construction. The above
statement of the problem must therefore be modified.

We shall consider an optimal trajectory to consist of a finite number
of segments located either in the interior or on the boundary of the
region X*. For the sake of definiteness, all the functions entering into
Equations (2.1) and (2.2) which correspond to the boundary of the region
X* will hereafter be written with a superscript zero. Functions associ-
ated with a segment to the left of the boundary segment will be marked
with a minus sign, and functions corresponding to a segment to the right
of the boundary segment will be marked with a plus sign.

If we are dealing with a restriction of the first type (an external
restriction), for coordinate values on the boundary of the region X*,
Equations (2.2) must be supplemented by the equality (1.5). In addition,
we must take into consideration the condition (1.4), which defines the
time at which the coordinates pass from the interior to the boundary, and
the equality (1.6), which specifies the time at which the coordinates
pass from the boundary into the interior of the region X*.

For restrictions of the second type the problem becomes more compli-
cated, since when the coordinates of the system pass from the interior
to the boundary, its equations of motion may change. In the simplified
case which we discussed above, the equations

gso = j;SU '—"fgo (mlo, “n ey xn(), ulo, ey umo, ) == O (s:'Es’)l gs’ = xs’s Y (2.5)

will hold on the boundary.

The instant t = t, when the system coordinates pass from the interior
to the boundary is defined by the equality

Ze(t) =0 (2.6)

and at the-instant t = t, when they pass from the boundary to the
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interior of the region, we will have
fo [21(t2)s - - s Tn(te)s U1 (f2)s -« oy Um (E2), 82] = O (2.7)

and f_+ will change sign at this point. Inequalities of a different form
may be considered in a similar manner.

Equations (2.1) and (2.2), for suitable choice of the numbers n and r,
describe the behavior of the system in either of the above cases.

In this modified formulation the optimization problem for control pro-
cesses in systems with bounded coordinates becomes a problem of the
Mayer-Bolza type in the calculus of variations [8]. By comparison with
the cases considered earlier [3,4] it is considerably complicated by the
necessity of taking into consideration the difference between the equa-
tions of motion on different segments of the integral curves. In this
respect it is reminiscent of the optimization problem for control pro-
cesses in the case of equations with discontinuous right-hand sides [o].

In the book by Bliss [8] and in [4] and [9], descriptions are given
for the process of establishing the necessary conditions in variational
problems in optimization. The corresponding reasoning and calculations
may, of course, be extended to the cases considered here. However, even
a brief discussion of these would occupy a great deal of space and is
not given in the present article, although the results of such an ex-
tension, with the appropriate explanations, are used in the rest of the
article.

As was done earlier, we shall consider the necessary condition for
stationary state of the functional J and Weierstrass’s necessary condi-
tion for its strong minimum. It will be assumed, of course, that all the
requirements usually imposed in the calculus of variation on the func-
tions entering into the formulation of the problem are satisfied. The
functions which will make the functional J a minimum will be sought among
the continuous coordinates xs(t) with piecewise continuous derivatives
is(t) and among piecewise continuous control parameters uk(t).

3. Necessary condition for stationary state of the func-
tional J. Restrictions of the first type on the coordinates.
For the sake of simplicity it will first be assumed that in the interval
to < t <T there is only one point t = t, at which the coordinates of
the system pass from the interior of the region X* to its boundary and
that there are no other corner points [4]. For definiteness, we shall
consider the closed region X* to be defined by the inequality (1.3).
This will enable us to make a comparison between the formulas obtained
velow and the relations with the corresponding results established in
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[1] and [2].

In the subinterval t; < t < t, the equations

7 =Ny — s (W, e T 0 ey Uy, ) =0 (s=1,....n (3.1)

"E.h’- = ll)k_ ('7‘1») IR 11:,1—, “1‘7 LY Wy Z) = 0 (k =1,...,r) (3.2,’

will hold, and in the subinterval t ;< t < T they must be replaced by the
system

g =X — (xS, U, ) = (s=1,...ny (3.3
U = Ve (2, e @ e LS 1) =0 (k=1,....r +1) (3.4)

in which y_, ,° is defined by the relation (1.5).

It should be particularly emphasized that for any r < m we may have
cases in which Equations (3.4) will have solutions with respect to the
control parameters up(t) in the region of permissible values. For r=m-1
the problem of optimizing the system motion corresponding to the bound-
ary of the region X* may also become meaningless because these equalities
may be satisfied only by one unigque system of permissible functions uk(t).
Hereafter, therefore, we shall consider FEquations (3.4) to be satisfied
by permissible control parameters “k(t) in a non-unique manner.

At times t = t, Equation (1.4) must be satisfied, and the functional
I used in constructing the necessary condition for stationary state of
the functional J must be taken in the following form [9]
h T
[ =@+ %0121 (L), - - - Za(t)] + \L—dt 4+ §L°dz (3.5)
i, i

In Formula (3.5) the following notation is used

e

p=g+ 2 o (3.6)
I=1
L=f+ Dhgm — 2w = ) Ak — H- 3.7)
s==1 k=1 s==1
n r-A{—l n

L° — fol’ + 2 }\Sogso_ E Pk°¢lco :v xsoiso _ He __ Hr+-1°¢r+1° (38)

s=1 k=1 s=1
H™ = Hy™ 4 Hy™ = 20 b/ X (ho™ = —1) (3.9)

k=1
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n r
=H°+ HC = M+ 2 ety e=—1)  (3.10)
8=0 k=1
and AS”(t), Aso(t), uk_(t), uko(t), p; and v, are undetermined Lagrangean
multipliers suitable for calculation.

The stationary state condition is obtained by equating the first
variation of the functional I to zero and is represented by the equality

AT = 0.

Substituting into Equation (3.5) the functions L~ and L® from Formulas
(3.7) and (3.8) and constructing this variation, we arrive at the equa-
tion

Al = Ap 4 v, A + (fo~ — £0°)1, 881 — (fo)t, 020 + (fo)r 8T -

+§ [i Ae"0d — 6H‘] dt -+ §[i a8 — SH® — iyt 80r1s° ]dt
t, =1 t, 8=1

so that after the sums under the integral signs are integrated by parts

once and the variations of the individual functions are expanded, we
shall have
3.11)

n

Al —2 [af"(’t) Ao (o) | Az (20) +2 [6 s+ b (T)] Az, (T) +
+ [32 + (a3t + [ 52 — (H)r 0T +
+Z [ ) = A @) + g | A ) + U — HiT1 00—

l

— S [2 (l;“ + Z—f;) 8z, — % %ﬁl—k__ 6uk“] dt —

/3

<;" +2 d:c 5 + ‘Pr+1 Hr1 )5% + 2 (3210‘. + Mr+1° au 5 \6uk ]

T
-2
Here we use Equation (3.1) and (3.3) and the notation of (3.9) and

(3.10); where no confusion results, we omit indices and use, for example
(fo—) t to represent the value of function fo_ at the point t = ¢t

L

1

The variation (3.11) must be taken equal to zero, and therefore the
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coefficients for all independent variations of the variables will be
equal to zero. The corresponding coefficients for dependent variations of
the variables may be made zero by the choice of Lagrangean multipliers.
After these operations we obtain the system of equations

- oH~- aH? & o
}"S +E:=0’ ?‘ + Bz,°0 + P dfrfl =0 (s=1,...,n) (3.12)

with the conditions

dH- dH® 0 Mryy®
auk_=0, 6—uk7+“r+1 =0 (k=1...., m) (3.13)

]
ou,,

the equalities

op

5z, (1) —Ms(to) =0, 5 (T)+7» s(T)=0 (s=1,....n)  (3.14)
D (H=0, S (H)r=0 (3.15)
and the Erdmann-Weierstrass conditions
Ao (8) — As° (z1)+vla:"(’t) 0 (s=1,....n) (3.16)
(H\),— (H)%), =0 (3.17)

In solving optimization problems we must also make use of Equations
(3.1) to (3.4), the relation (2.3), the equality (1.4), and the continu-
ity conditions on the coordinates

Ty (tl) = x,o (tl) (s=1,...,n) (3.18)

Then the number 4n + 2m + 2r + 1 of Equations (3.1) to (3.4), (3.12),
(3.13) will be equal to the number of functions xs—(t), xso(t), uk—(t),
4

uC(t), A T(e), A C(e), w,(8), wl°(¢).

The solution of the differential Equations (3.1), (3.3) and (3.12)
contains 4n constants of integration; to find these, in addition to the

p multipliers Pe and the values of ty: tys T, we must use the 4n + p + 3
conditions (3.14), (3.16), (3.18), (2.3), (3.15) and (3.17).

Let us now assume that in the interval ¢, < t < T there is only one
point t = t, at which the coordinates of the system pass from the bound-
ary to the interior of the region X*, and there are no other corner
points.

Then in the subinterval ¢, < t < t, Equations (3.3) and (3.4) are
valid, and in the subinterval ty< t < T we will have
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8 =T — [ (@t Tty WU ) =0 (=1,...,m)  (3.19)

V=@ e En W, e, =0 (k=1...,0 (3.20)

with the relation (1.5) satisfied at time t = ty-

In this case the functional I, which is used in the construction of

the stationary state condition, should be taken in the form

t T

I=¢+\La+\Lrar (3.21)

i i
(since the point t = t, will not be a corner point). Here ¢ is defined
by the equality (3.6), and the function L°® by the relation (2.8), in
which H° is expressible in the form (3.19).

For Lt we obtain the formula

Lt = fo* 4+ D Atgr + 2wt = 2 Mt — HY (3.22)
=1 k=1 8=1
where
H' = H + H,5 = 2 NS+ 2w, (ot =—1) (3.23)
s=1 k=1

and As+(t), uk+(t) are undetermined lagrangean multipliers.

Formulating and equating to zero the first variation Al of the func-
tional I and repeating all of the above operations, we obtain the equa-
tions

. aH* Y & 00, °

}\43“'—!—@:0, )\:s +W+Mr+1£;;1=0 (s=1,...,n) (3.24)
oH* OH" o Py
=0 st =0 (k=1,...,m)  (3.25)

Equations (3.15) and (3.16), and the Erdmann-Weierstrass conditions
AL () — At () =0 (=1,...,n), (H)— H;f)tz =0 (3.26)

We count the number of equations and functions and the number of con-
stants and conditions which determine them, as in the previous case.

We might have assumed at the very beginning that the interval
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ty < t < T contains two points t = t and t = ty of the type described
above. This would have complicated the calculation but would not have

changed the final result. Even more general assumptions do not change

the results.

The discontinuities of the control parameters uk(t), if any exist in
the interval t, < t < T, are studied in the same way as in the articles
[4,9]. The special case in which the instant at which there is a discon-
tinuity in the control parameter coincides with the instant at which the
system coordinates pass to or from the boundary of the region X* is in-
vestigated in the same way as in the article [9].

4. Stationary state condition for the functional J. Re-
strictions of the second type on the coordinates. Let us con-
sider restrictions which are simpler but are more frequently encountered;
these are defined by the inequalities (1.8). For the sake of simplicity
we shall first assume that there is only one restriction x, < 0, and we
shall consider s’ =1, which of course can always be done by means of a
change in the numbering of the variables.

We shall again assume that the interval t; < t < T contains only one
point t = t, at which the coordinates of the system pass from the in-
terior to the boundary of the region X*. Then in the subinterval
ty < t < t; we must use Equations (3.1) and (3.2), and in the interval
t, < t < T we shall have

glo =5 xlo = 0 (4.1)
8= — (25 ey T Wy, U’ 2) =0 (s=2,....n) (4.2)
V=9 (@0 T W U 1) =0 (k=1,...,7) (4.3)

in the functions f © and Wk we must set xlo = 0. At time t = t, the
equality x,(t,) = 0 is satisfied. The functional I will have the form

@ -+ vizs (8) + L‘ dt + 5 L°dt (4.4)
ts
where ¢ is defined by the equality (3.6), L~ and /I” are defined by
Formulas (3.7) and (3.9), and the function L° is equal to

8==2

n. r n
o= — M2+ 2 A — D pb = X ASZS— HY (4.5)
8=1 k=1

where
r

Ho= Hyo 4 H,= 2 A0+ 2wy, f=ar=0 A== 46
8= 0

koot



Optimization of control processes 653

The first variation Al of the functional I is represented by the
equality

AT = A + %Az, (1) + (), 80 — (o), 3o + ()8 — (), 8 +
4 n T n
+§ (2 sz —om7)de + § (3 acoa,” — 8H®) dt

t, s=1 t; 8=2

so that after transformations similar to the above, we obtain

S [ %
- }:1 [a_xﬁ}?) Ae (to)]Axs (o) - El [axsm MS(T)] Az, (T) +

+ 2 A (1) — A ()] Az (6) + [ (1) + wil A (6) + [ 5 + (), ] ot +

§==2

4

3

[1

+ L@“’ (H) }6?’ U — HyTl, 8 —

fo L2
a- (e BE° OH
R
—i'- C')—;{—auk ]dt \ [Z (}\’ + d o ) ° {‘ }_,; a h 6“]‘ ](]t (4'7)
P tl $=32 Ts k=1

Again equating to zero the coefficients of the independent variations
and choosing the Lagrangean multipliers in such a way as to make the co-
efficients of the dependent variations of the variables vanish, we find
the equations

afi- o oH° . P

;\~ +61‘ —‘O (S:i,..,,ﬂ), }vs +a;€3°=0 (s-'—-—.l,,..,n) (4_8)

oH~ SH® _
5_1;;.’ =0, W =0 (k=1,.... m) (49)

the end conditions
g - ) .

o u) ~halt) =0, ‘fl) he(T) =0 (s=1,....n) (4.10)
gg‘?.ﬁ.{ff,&) =0, P (H).o (4

and the Erdmann-Weierstrass conditions

AT =20, =2...,m), A () +v =0 (4.12)
(Hy™ — 1), =0 (4.13)

In order to solve the problem we must add to the above the equations

(3.1), (3.2), (4.1}, (4.2), (4.3), and the conditions (2.3} and (3.19)
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for s # 1, and the equalities x (t,) = 0.

Ve consider in a similar manner the case in which the interval
ty <t <T contains one instant t = t, at which the coordinates pass from
the boundary to the interior of the region X*. In this case the point
t = t, must satisfy the condition

Hhiln (), . o 2o (te), Ui (ta)y - o Bm(fy), 8::1=0 (4.14)

Therefore, after appropriate calculations, we obtain the equations

b+ w0 e=2%m, A0 =tm (415
oH° oH*
W = O, auk+ =0 (k_—_’ 1,..., m) (4.16)

The end conditions will retain their form (4.10) and (4.11), and the
Erdmann-Weierstrass conditions will be expressible in the form

MOt — A () =0 (5=2....m), —AF(E)=0  (417)
(H3® — Hy*), =0 (4.18)

It should be noted once more that assumptions of a more general type
than those which were made above will not change the results but may con-
siderably complicate the process of obtaining them. The points of discon-
tinuity of the control parameters are studied in the same way as in {1].
The instants of discontinuity of the control parameters u,(t) and the
instants at which the representative point passes to the boundary or to
the interior of the region X* are considered in a manner similar to the
discussion of [9]. In this case the corresponding relations will be
identical with those listed in this section.

We use similar methods to construct the expanded form of the station-
ary state condition if the region X* is defined by a number of inequal-
ities of the form (1.8). Here we must consider the various portions of
the boundary of the region X* defined by various equalities of the type
' =0, corresponding to the zbove indicated inequalities, as well as
the cases in which several of these equalities defining the boundary are
satisfied simultaneously.

A transition to closed regions X* defined by the inequalities (1.9)
will likewise produce no significant complication. In this case fs' = 0
for x,r = X+ and 5. <9 for x o = X1 ALl the other results re-
main valid.

5. Weierstrass’'s necessary condition for a strict minimum
of the funetional J. If we repeat the reasoning and calculations
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described in Bliss’s book [8] and the discussion [4] as applied to
optimization problems with restrictions on the control parameters, then
in the present case of restricted coordinates Weierstrass’s necessary
condition for a strict minimum of the functional J can be represented by
the inequality

E>0 .1
in which E 1s the Weierstrass function, defined by means of the formula

E=L#y,...,%nm Xi,oo s Xy Upy ooy Uy Ay vy by By oo a B £) —

—L(xl,...,xn,a'cl,...,x.,., Upyoovs Bmy Ay evny Ay Py o ooy BE) —
—2 y— ) @ (5.2)
Py .

Here xg and u, are functions which make the functional J a minimum,
and X, and U, are any admissible functions satisfying the equations of
the problem.

The relation (5.2) is valid for any type of restrictions on the co-
ordinates both in the interior and on the boundary of the region X*. In
calculations we must substitute into the expression for E the function L
with the appropriate superscript minus (-), plus (+), or zero (0), for
which we should use the formulas given in the preceding two sections.
These superscripts are omitted in the equality (5.2), as are the limits
of the sums in its right-hand member. It should also be remembered that
the number of the multipliers As and Y, may be different in different
cases.

Substituting the expression for L into (5.2) and making use of the
inequality (5.1), we obtain the following form for Weierstrass’s neces-
sary condition:

Hy(@y, oo oy oy Uy oo 3 Uy Ay ooy A, 1)
<HA(1:1,...,ITH ul,.-.,um, }Vl,...,xn, t) (5.3)

where the 1dentity H = 0 and the equality y, _+1 = 0 are taken into
consideration.

The results obtained here for systems with restrictions of the first
type on the coordinates may be formulated in a manner similar to that
given in [1,2], where the corresponding problem was solved by methods
making use of the construction of Pontriagin’s maxjmum principle.

The above equations and relations were written in a form somewhat
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more complicated than is necessary for the problems considered. This
minor complication (introduction of the superscripts zero (0), minus (-)
and plus (+)) makes it possible to study more complicated problems, such
as the problem of optimizing control processes in systems with bounded
coordinates described by equations with discontinuous right-hand sides.
The above described results are valid in these cases without any signifi-
cant alterations. In [5} they are used in the calculation of optimal
modes of operation of vibrotransporters.

6. Synthesis of optimal systems. The general mathematical
formulation of the problem of synthesis of optimal systems with bounded
control parameters is described in [2,10]. It is stated as the problen
of constructing functions v, = v (x;, ..., x,, t) which define the values
of the control parameters at each point of the space x,, ..., x_, t in
such a way that a system motion described by Fquations (2.1) and (2.2)
makes the functional J a minimum for u, = v,, for any initial values of
the coordinates,

This statement of the problem, taking into account the restrictions
on the coordinates and Fquations (2.3), may be extended without any
significant changes to the problems studied here. In the present section
we note some properties of the problem of synthesizing optimal systems
with bounded coordinates and control parameters, which distinguish it
from the similar problem involving restrictions only on the contrel para-
meters. For this reason we shall distinguish the problem of synthesizing
optimal control parameters for a system with restrictions on the coordi-
nates and on the control parameters from the similar problems obtained
from it by a transition to an open region of coordinate variation. The
results of solving the latter, if a solution exists and can be con-
structed, remain valid for any optimal trajectories lying entirely in
the interior of the region X*®* and even for trajectories which touch the
boundary of this region at a finite number of points.

For trajectories containing segments which lie entirely on the bound-
ary of the region X*, the problem of synthesis becomes considerably more
complicated. Thus, for example, if there are restrictions of the first
type on the coordinates and if the system moves along the boundary, then
the equations describing the behavior of the system within the region X*
must be supplemented by equation of the form (1.5); the functions u, may
not satisfy this equation. In this case, therefore, the synthesizing
functions must be constructed separately for the segments of the optimal
trajectories which lie within the region X* and for the segments which
lie on its boundary.

The same process must also be repeated for the general formulation of
optimization problems if there are restrictions of the second type on the
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coordinates, In this case, however, there evidently exists a sufficiently
broad class of systems for whose synthesis a solution is provided by the
solution of the corresponding problem with no restrictions on the coordi-
nates.

This will be the case when to the segments of optimal trajectories ly-
ing in the interior of the region X* we may assign trajectories which are
optimal for the problem with no restrictions on the coordinates and which
entirely contain the former trajectories and when the control parameters
vary on the boundary of the region X* in the same way as the open region
of variation for the coordinates. Such an agreement between the two rules
for variation of the control parameters may evidently be encountered in
optimization problems with closed regions of variation of the control
parameters in which the control parameters in which the control para-
meters in optimal modes of operation assume only boundary values.

7. Example. As an example to explain some of the general situations
formulated above, we shall consider the problem of optimizing the length
of time for transition from the state ¢(0) = ¢°, £(0) = £° to the equi-
librium condition (T = &(T = 0 for a simple system of indirect control
of an astatic object, described by the equations

T, o= TE=u (Jul<Y) (74

in which ¢ is the input coordinate of the object, § is the coordinate of
the control unit, |u| <1 is

M. I the input value of the amplifier
‘ (control parameter).
~
Iz, <
M,
Fig. 1. Fig. 2.

Ve introduce the notation x; = T T ¢, z5 = ng and we formulate the
optimization problem in the following manner: among the functions Xy, Xg.
u and v, which satisfy the equations

gr=21—2z =0, L=z —u="70, Pp=uto2—1=0 (7.2)

and the relations ¢, = xl(1) =0, ¢, = x2(1) = 0, select those which
make the functional J = T a minimum.
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Here, in order to avoid superfluous Lagrangean multipliers Py the
left end of the trajectory is considered fixed [3] and we introduce the
function y which realizes a transition to the open region of variation
of u and the additional control parameter v. This problem, with no re-
strictions on the coordinates, has been fairly thoroughly studied [2,11].

We construct the functions H and ¢

H = Hy + I, = My + hawe + b (u2 4 02 —1) (7.3)
@ =T -+ py (T) L pory (T) (7.4)

by means of which we construct the equations
M=0, fe=—hy Ay-F2uu==0, 2uv=0 (7.5)
and the Erdmann-Weierstrass conditions [3]
MY =M (%), At (%) = ke (1¥) () = U1, (7.6)

valid in the open region of variation of the coordinates, as well as the
equalities

M(T) = —p, Mo (T) = pa (7.7)

The solution of the differential equations (7.5) which satisfies the
conditions (7.7) is of the form

M= —py, Ay==prit — 1) —p2 (7.8)

so that the function p = — Az changes sign no more than once in the in-
terval to < t €T Furthermore, we have v = 0 for pn # 0. Consequently,

u = 1+ 1 everywhere except at the single point t = t* at which Az(t‘):=0.

Beyond this the solution of the problem is found in the same way as,
for example, in [2,11]. As a result we obtain a family of optimal tra-
jectories, shown in Fig. 1.

For example, let the coordinate xq be restricted by the inequality
|x2] < 1g. This restriction defines a strip of width 2X2, as shown in
Fig. 2. The optimal trajectories located within this strip will consist
of two parabolas. In such a system there may also be modes of operation
in which z, assumes values on the boundary xy s Xz; the last stage of
the motion will follow the branches of the parabolas M_0 and M,0 passing
through the origin.

For restrictions of the first type u = 0; for restrictions of the
second type the control parameter can be arbitrary and may take on a
value corresponding to the previous stage of the motion. Motion along
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the boundary in both cases will be described by the equation il =t Xz,
where the lower sign corresponds to the boundary xy = - X2 and the upper
sign to the equality xy = X2.

1f the interval of permissible variation of the coordinate x; is de-
fined by the inequality |z1] < X the problem is solved in a manner
similar to the previous one. The corre-
sponding constructions are shown in z
Fig. 3. They we made for restrictions -
of the second type. For restrictions of
the first type the condition z;, = 0
(x = % Xl) cannot be satisfied. 'XI

/

7

Motion along the boundary is de-
scribed by the equation iz =4, u=t1;
since for the boundary points

//
v

/
L

H® =he®u® 4 p°u? 4 u2 —1)
Fig. 3.
and consequently

A’ =0 p.°=-—%, 2u%u° =

or
0
1. = coust, u ==0

This motion continues until the coordinate x9 becomes zero, which is
shown in Fig. 3. In accordance with the Erdmann-Weierstrass conditionm,
A2° = Az—(tl). Consequently, by Weierstrass’s condition the sign of the
control parameter u will not change when z, passes to the boundary of
the region ]x| < X

In both of the above cases the "switching" of the control parameter
takes place along the curves M_0 and M, 0, which define switching of the
control parameters in a system without restrictions on the control para-
meters. Consequently, if there are restrictions of the second type, the
synthesizing functions will be found from the solution of the problem
having restrictions only on the control parameters.
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